14.3/14.4 Partial Der. & Tangent Planes
Note: A variable can be treated as
1. A constant (constant term or coef)
2. Anindependent variable (input)
3. A dependent variable (output)

Entry Task: Find the derivatives
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b) An object’s motion (x,y) = (x(t),y(t))
satisfies y = x? for all times.
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Graphical Ihterprei‘ation of Partial Der; 2.

Pretend you are skiing on the surface
z=f(x,y) =15-x% - y?.

Exercise:
1. Find f,(x,y) andf, (x, y)
';x = - Zx
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Assume you are standing on the
point on the surface corresponding
to (x,y) =(7,4). Compute: N
i) f(7,4) =15~ -1
i) fo(7,4) = 2=~
i) }'3,(7,4) = ~L§&} = -8
What do these three numbers
represent?
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The planey=4 intersecting the

surface z =15 — x?
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The plane x = 7 intersecting the
surface z = 15 — x? — y2.
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Second Partial Derivatives | "Example: Find all second partials for

Concavizty in x-direction: z=f(x,y) = x* + 3x?y3 +y°
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14.4 Tangent Planes (linear approx.)

The tangent plane to a surface at a point
is the plane that contains all tangent
lines at that point. It is given by:

Z—Zg = fx(xo','yo)(x — Xo) + fy(xo:JJo)(y — Yo)

Example: Find the tangent plane to
z=f(x,y)=15-x%-y? at (7,4)
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Derivation of Tangent Plane

The plane goes thru (7, 4, -50).
Now we need a normal vector.

Note:
fxy) = -2x
fX(7) 4) =-14
fulxy) = -2y
f7,4)=-8

Thus, we can get two vectors that are
parallel to the plane:
<1,0,f{x0,y0)> = <1,0,-14>
<0,1,fy(x0,y0)> = <0,1,-8>

So a normal vector is given by
<1,0,-14 >x<0,1,-8> =< 14,8, 1>
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Tangent Plane:
14(x-7) + 8(y-4) + (z+50)=0
Which we rewrite as:
z+50=-14(x-7) - 8(y-4)



General Derivation
In general, for z = f(x,y) at (xo, yo) by:
1. zo = f(xo, Yo) = height.

2. (1,0, f;.(x0,vo)) = ‘atangentin x-dir.”
(0,1, f,(x0,¥0)) = ‘atangent in y-dir.’

3. Normal to surface:
(1101 fx(xOryO)) X (0,1,fy(x0, yO))
- (_fx(xO'.yO)J _fy(XOJ yO)J 1)

Tangent Plane:

—fx (%0, ¥0) (x — %) — fy(xo;J’o)(y —vo) +(z—25) =0
which we typically write as:

z — Zo = fx(%0,Y0)(x — xp) + fy(xo:J’o)_(y — Yo)



Example: Find the tangent plane for
flx,y) = + 3y’ - y?
at (x,y) = (2,1).
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An Application of the Tangent Planes
Linear Approximation
“Near” the point (xo,Yyo) the tangent
plane and surface z-values are close.

Z—Zy = fx(XOJJ’o)OC — Xo) + fy(xo;J’o)(y — Yo),
which is the same as |
Lx,y) =z = zg + fo(x0,y0) (x — %) + fy(xo:YO)(J’ — ¥o)

Idea:
fQx,y) = L(x,y) for (x,y) = (x0,¥)

Example:
Use the linear approxumatlon to
f(x,y) = x?+ 3y>x—y3 at (x,y) = (2,1) to

estimate the value of f(1.9, 1.05). /\_‘:&5_‘)_/_\
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